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ABSTRACT:  Rating combat hardware for effectiveness is complex and requires considering both subjective and objective factors.  This article shows how to simplify the measuring of combat effectiveness by focusing on only the most relevant factors.  Bayesian probability methods are used to derive the required effectiveness measures.  Combat effectiveness is measured as the ratio σ of the number of enemy hit (or killed) divided by the number of friendly forces hit (or killed).  The method was originally applied to and developed for the Improved TOW Vehicle program to compare the benefits received from protecting a gunner with armor and sacrificing hit accuracy versus leaving the gunner exposed with higher hit accuracy.     

     The stochastic duel technique focuses on the specific strategies to be compared, rather than considering large samples of statistical data.  In the stochastic duel, one hypothesizes a one-on-one duel between the weapon to be tested against the enemy weapons likely to be employed as countermeasures.  Rating a weapon strategy amounts to forming hit(or kill) ratios for each duel hypothesized.  The formulas developed in this article permit one to evaluate each likely scenario and combine the results to measure overall effectiveness of a weapon system against its likely threats.   

     It is not claimed that the analysis done here is applicable without reservation to every conceivable combat situation.  Assumptions made in the model are highlighted to assist in making the applicability decision intelligently.  The technique  presented here offers a way to assess combat equipment's effectiveness in the absence of actual combat experience.  Accuracy of the prediction is a function of the appropriateness of the model and assumptions relative to a specific scenario.

STOCHASTIC DUEL:  It is desired to formulate a criterion for comparing the relative effectiveness of one element of a friendly force versus one element of an enemy force.  To evaluate  relative effectiveness one imagines a duel taking place over some reasonably selected unit time interval.  Naturally, the interval selected is a function of the specific situation being analyzed.  For example, if one is comparing torpedos, a unit time interval commensurate with the time to load, fire, and travel under water  would be quite larger than the unit time interval used for dueling pistols.  

     Obviously, there are many possible outcomes for such a duel.  e.g.  The enemy fires first and misses while the attack force fires second and hits.  Both might fire almost simultaneously and hit (or miss) each other.  The other possible outcomes are easily envisioned.  The basic objective is to mathematically model the stochastic duel using Bayes methods.  Employing the stochastic duel technique enables one to focus only on what is most important to the overall success of a weapon.  Naturally, the mathematics is correspondingly simplified.        

     A hypothetical duel between a friendly and enemy force with assumed average capabilities is an idealized but fair way to measure relative effectiveness.  The method yields a yardstick for rating any number of defenses against a perceived enemy threat.  For example, the enemy threat might be surface to air missiles, while the countermeasures considered to combat the threat might be air to surface missiles, gun fire, standard bombs, nuclear warheads, or any other potential countermeasure.  The best countermeasure is the one that maximizes hit probability against the enemy while minimizing hit probability of the enemy.  The ratio K incorporates both hitting and being hit probabilities in a convenient way to  measure effectiveness.  The strategy with the overall highest value of σ should be considered best.               Before proceeding with the mathematical derivation assumptions are clarified.  It is assumed that the detection process and hit accuracy are independent of each other.  However, it is not assumed that accuracy of the combatants is independent.  Reference [1] indicates that accuracy degrades in the presence of intermittent unpredictable noise, but the degradation may be negligible as combatants become acclimated to it.  Therefore, the case of simultaneous firing is separated in the ensuing equations to permit changing accuracy when under fire.  It is assumed that the firing process commences immediately upon detecting a target.  Firing is assumed continuous until the weapon requires reloading.  At most only one round of fire is allowed per combatant per duel interval.  The duel interval is selected to make this a reasonable assumption.  Essentially, rate of fire and duration of fire is embodied in the preceding assumption.  The weapon with the longest duration and/or fastest rate of fire for a round will gain some advantage from its increased firepower.  However, other factors, such as, accuracy of fire, first detection, and preparation time for fire may override the advantage.  All of these factors are incorporated in the stochastic duel model explained.  

BASIC NOTATION AND BAYES THEOREM:  To evaluate hit probability the following form of Bayes Theorem is employed.  If {An:n=1,2..N} is a family of mutually exclusive and exhaustive events, then for any event B, the probability of B, notated P(B), is given by

               N
     (0)  P(B)=Σ P(B│An)P(An).

               n=1 

     Each of the following events are defined for strategies

Si (i=1,2...n).  Therefore, to simplify notation, the subscript i is suppressed unless it is required to distinguish strategies.

       SYMBOL               EVENT DESCRIPTION
         H         Friendly element makes a hit

         H'        Enemy element makes a hit

         M         Friendly element misses

         M'        Enemy element misses

         F         Friendly force completes a round of fire first           F'        Enemy force completes a round of fire first

         T         Friendly and enemy element fire simultaneously

         N         Neither force fires in the duel interval

By definition, simultaneous firing means that both combatants fire rounds for some concurrent time subinterval of the duel.

     Employing the foregoing notation it easily follows that the events N,F,F'(M',F'(H',T(M(M',T(M(H',T(M'(H, and T(H'(H are mutually exclusive and exhaustive.  Applying Bayes Theorem yields

(1)  P(H)=P(H│F)P(F)+P(H│F'(M')P(F'(M')+P(T(M'(H)+P(T(H'(H)

Next we observe that

(2)  P(H'(H(T)=P(H'(H│T)P(T) and

     P(H(M'(T)=P(H(M'│T)P(T)

Combining (1) and (2) yields

(3) P(H)=P(H│F)P(F)+P(H│F'(M')P(F'(M')+[P(H(M'│T)+P(H'(H│T)]P(T)

    For notational convenience we let ß be P(H│F).  ß can be estimated for each strategy as the relative frequency of hitting a target while testing the weapon.  We asume that accuracy is independent of firing first or second but may be affected by simultaneous firing by the enemy.  The enemy element is assigned a corresponding relative frequency of hitting a target  denoted by τ.  The enemy element's probability of firing first will be denoted by α and the probability of friendly and enemy elements firing at each other simultaneously will be denoted by μ.  Summarizing basic relationships in terms of the simplified notation yields 

(4)  P(H│F)=P(H│F'(M')=ß

     P(H'│F')=P(H'│F(M)=τ 

     P(H'│T)=τ 

     P(H│T)=ß
     P(T)=μ

     P(N)=ε

     P(F')=α

     P(F)=1-μ-α-ε

     P(H(M'│T)=ß(1-τ) 

     P(H(H'│T)=ßτ 

     P(H(M'(T)=P(H│M'(T)P(M'│T)P(T)=ß(1-τ)μ     

     P(H(H'(T)=P(H│H'(T)P(H'│T)P(T)=ßτμ
     P(F'(M')=α(1-τ)

Rewriting (3) in terms of the relationships in (4) gives

(5)  P(H)=ß(1-ατ-μ-ε)+ßμ and

     P(H)=ß(1-ατ-ε)  if accuracy is assumed not to be affected by

simultaneous firing or μ is negligible.

Analogous to (5) we have 

(6)  P(H')=τ(1-αß-μ-ε)+τμ and

     P(H')=τ(1-αß-ε) if accuracy is assumed not to be affected by simultaneous firing or μ is negligible.

It remains only to compute μ,ε and α.

     At this point it is appropriate to observe that the probability of simultaneous firing of opposing elements is nearly zero when dueling rifles, pistols, and the like in a time interval permitting only one shot.  In such cases μ can be assumed equal to zero in (5) and (6) simplifying computations considerably.  In the case of dueling weapons whose rounds of fire take sizable amounts of time, such as machine gun fire  and standard bombs μ is likely to be significant but only meaningful to σ if accuracy is affected by simultaneous firings of combatants.  To calculate μ we make the assumption that the probability of firing first is independent and uniformly distributed for both combatants.  

     Before beginning analysis additional symbols are defined.  Let X be the first moment of fire for the enemy and Y for the friendly element.  Further, suppose for now that X and Y are identical independent uniformly distributed random variables.  Suppose that the duel takes place within a time period a.  Assume that a round of friendly and enemy fire takes t and t' units, respectively.  If we assume that one or both opposing forces have a probability of firing at some point in the duel then Bayes Theorem yields 

(7)  μ=P(T)=P(T│X<Y)P(X<Y)+P(T│X>Y)P(X>Y)=P(T│X<Y)(1-α)+P(T│X>Y)α

Further expanding (7) via the uniform probability law gives

(8)  P(T│X>Y)=P(0<Y-X<t)=t/a and symmetrically

     P(T│X<Y)=t'/a.  

Since P(X<Y)=1/2 it follows that

(9)  μ= ½(t/a+t'/a).

     Under the assumption that first detection is uniform for both combatants one can substitute the value of μ computed by (9) in (5) and (6).  It still remains to compute ε and α before one can compute  the ratio σ=P(H)/P(H').

     In the preceding development it was assumed that detection probability follows an identical uniform distribution for both friendly and enemy elements.  Uniform detection probability is a simplification, but may not be reasonable.  If one assumes that detection is a function of scanning time then it may be reasonable to suppose that detection within the combat zone becomes more probable with time.  In this case, the distribution assumed would be nonuniform.  In a later section this question will be dealt with in detail.   

CRITICAL CURVE:  Suppose it is desired to compare two strategies S1 and S2 where the values of τ1 and τ2 are not known exactly.  If all variables other than τ1 and τ2 are held fixed, then what pairs of values τ1 and τ2 give identical hit ratios?  If such a pair is found then any variation in one or the other of τ1 and τ2 while holding the other fixed would change the hit ratio to make one strategy preferable to the other.  Therefore, the curve defined by

Γ={(τ1,τ2)│σ(τ1)=σ(τ2)} divides the region [0,1]x[0,1] into two subregions R1 and R2 one of which gives the set of points where R1 is preferable and the other where R2 is preferable.

     Observe that the parameters other than τ1 and τ2 in the equations for σ(τ1) and σ(τ2) are either readily obtainable from test data or can be arbitrarily chosen in some consistent manner.  For example, it may be reasonable to set t=t' or as in the case of rapid moving projectiles t=t'=0 may be appropriate.  The next example illustrates the concept of the critical curve under the assumption that fire time is about equal i.e. t=t'.  Also, to simplify the example it is assumed that accuracy is the same whether under fire or not i.e. the value of μ is irrelevant.  Last it is assumed that the probability of neither firing in the time interval a is negligible.

EXAMPLE:  Strategy    ß value     t=t'   Set a=1.00

            S1    │      1.00   │  .28

           ──────┼─────────────┼──────   

            S2    │       .66   │  .28

Employing (12) one obtains

              ß1(1-½τ1)           ß2(1-½τ2)

       σ(τ1)= ──────────   σ(τ2)= ──────── .

              τ1(1-½ß1)           τ2(1-½ß2)

Setting σ(τ1)=σ(τ2), substituting a=1, and t=t' yields

                  .67τ2
            τ1= ───────────              τ2  │   τ1
                .17τ2+.33              ─────│─────

                                       .00 │ .00

                                       .10 │ .19

                                       .20 │ .37

                                       .30 │ .57

                                       .40 │ .67

                                       .50 │ .96

                                       .66 │1.00

No point exists in plotting values of τ2 greater than .66 because

τ1=1.00 is the best accuracy possible.  The value .66 is critical

for strategy S2 because any accuracy greater than .66 ensures that this strategy gives the best kill ratio when compared to S1.

DETECTION PROBABILITY DISTRIBUTION:   One might conjecture that detection time is exponential or Weibull distributed.  This assumption will be justified by solving a differential equation motivated by the detection process.  Next we show how to generate a general differential equation describing the detection process.

     Suppose F(t) is the cumulative probability distribution of detecting a target by time t and h is a small interval of time.  Let D(t) symbolize the event that detection has not occurred by time t.  By Bayes Theorem and the observations that P(D(t+h)~│D(t)~)=1, P(D(t))=1-F(t) and P(D(t)~)=F(t) we have

     (10)  F(t+h)=F(t)+P[D(t+h)~│D(t)](1-F(t)). 

     If we assume that detection probability is proportional to the length of the time interval h and is a function of total search time t, then (10) may be rewritten as

     (11)  F(t+h)=F(t)+[Φ(t)h+δ(h)](1-F(t)).

If we further assume that lim δ(h)/h=0 then we may write

                          h(0

                  F(t+h)-F(t)

     (12)  dF=lim ─────────── =Φ(t)(1-F(t)).

           dt h(0     h

Employing the boundary condition F(0)=0 and assuming Φ(t) is a 

constant value k independent of t, (12) may be solved to yield

     (13)  F(t)=1-e-kt.

(13) is the well known exponential distribution function with continuous density function f(t)= dF(t)=ke-kt and E(t)=k-1.                                            dt

The constant k can be approximated by the maximum likelihood

          _ 

estimator X-1 which is the reciprocal of the average detection time.

     Now we return to the problem of computing P(H).  It is reasonable to suppose that once a target is detected that a round of fire will commence immediately constrained only by the time it takes to load, aim and fire.  Therefore, we set X=A+U and Y=B+V where U and V are the detection time random variables while A and B are assumed to be constants representing time length to fire once a target is detected.  

     First P(X<Y) is computed.  To compute P(X<Y) we must determine the distribution of Z=U-V because P(X<Y)=P(U-V<B-A).  The density functions for U and V are symbolically given as

     (14)  f(u)=ke-ku for u>0, g(v)=re-rv for v>0

Changing variables yields the density function for Z=U-V as 

                 rk    

     (15)  h(z)= ─── e-kz  for z>0  and

                 r+k  

                 rk         

           h(z)= ─── e-rz   for z<0 .

                 r+k  

The distribution function for Z has the form

                    r

     (16)  F(z)=1- ─── e-kz   for z>0  and

                   r+k 

                    k 

           F(z)=1- ─── e-rz   for z<0 .

                   k+r   

Suppose that c is the expected common firing time for a round in the duel.  The common firing time could be treated as a random variable, but the analysis becomes much more difficult and not necessarily much better.   Employing (15), we get

P(T│X>Y)=P(0<X-Y<c)=P(B-A<U-V<c+B-A).

From (16) it follows that

                      r

     (17)  P(T│X>Y)= ─── e-k(B-A)(1-e-kc) .

                     r+k

By a symmetrical argument we have

                      k  

     (18)  P(T│X<Y)= ─── e-r(B-A)(1-e-rc) .

                     k+r                                                                                                                

     It follows from the preceding equations that P(X<Y)=F(B-A).  Because Z is a continuous random variable P(Y<X)=1-F(B-A).  By (7), (17), and (18) we have

               k                  r

     (19)  μ= ─── e-r(B-A)(1-erc)(1- ─── e-k(B-A)) +

              k+r                r+k

             k                r    

            ─── e-k(B-A)(1-e-kc)(─── e-k(B-A)) .

            k+r              k+r

On combining (3),(4), and (19) we arrive at

                      r               r 

     (20)  P(H)=r(1- ─── e-k(B-A)+r(1-τ) ─── e-k(B-A)  

                     r+k             r+k

                  k                    r

    +(r(1-τ)+τr)[─── e-r(B-A)(1-e-rc)(1- ─── e-k(B-A))   

                 k+r                  r+k  

        r                 r

     + ─── (e-k(B-A)(1-e-kc) ─── e-k(B-A)] .

       r+k               r+k      

Replacing H by H' in (20) gives a symmetrical formula for

obtaining P(H').  In the form for P(H') the roles of r and k and B and A are reversed.  

     In the sequel (13) to (20) Φ(t) was assumed constant.  This assumption resulted in the detection distribution being exponential.  One might assume that the cumulative detection probability distribution is proportional to the total amount of time already expended in detecting a target.  It makes sense that learning occurs in the process of seeking a target.  Under this assumption the analogous formulation to (12) is given by 

     (21)  dF=t(1-F(t))  

           dt            

Solving (21) analogous to (13) we have

     (22)  F(t)=1-EXP(-t2/2)

The density function associated with (22) is given by

     (23)  f(t)=t(EXP(-t2/2))

Using symmetry and the basic relationships P(X<Y)=P(V-U<A-B) and 

P(T│X<Y)=P(0<V-U<A-B+t') one can compute analogous probabilities to those found in (17) through (20).  For example, we compute

     (24)  P(X<Y)= EXP(-C2/2)(1/(C-1))aEXP(-aC)-½EXP(-a2)+½ where

C=A-B.  By symmetry P(Y<X) is the same except C=B-A.  Similarly,

Setting C=A-B+t' in (24) permits computing P(T│X<Y) and C=B-A+t permits computing P(T│Y<X).  As before one can compute P(H) and P(H') by (3) and (4) after computing μ with (24).  

CONCLUSION:  The stochastic duel method is a powerful technique when combined with specific knowledge of a battle scenario.  The formulations developed here could be expanded to permit other functional values for Φ(t).  In this article, only Φ(t) constant and proportional to t were considered.  One could argue that Φ(t) might be more accurately considered exponential or polynomial in some scenarios.  One might even do a polynomial regression to determine the best polynomial value for Φ(t) to estimate the detection distribution associated with a given battle scenario.  Many variations are possible in designing a stochastic duel for measuring combat effectiveness. 

REFERENCES: 

[1]  Smith, R. Kendon, "Intermittent Loud Noise and                     Mental Performance", Department of Psychology,

     The Pennsylvania State College, State College

     Air Force Contract: AF 33 (038)-786, PR:63275,

     E.O. No. 695-63 (1977).

[2]  Brierly, Joseph E. "Analysis of Benefits for                       The Improved TOW Vehicle (ITV), The US Army 

     Tank Automotive Command Systems Analysis                           Division (ANSTA-VS), Warren, Michigan (1978). 

