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ABSTRACT:  Usage/Age Projection (USAPRO) is a mathematical computer model for predicting the usage/age of an equipment fleet based on uniform past usage.   In this research a method first devised by the US Army Material Systems Analysis Activity is generalized.   The USAPRO theory was inserted as a subroutine into the original AMSAA program.  USAPRO is dramatic in the sense that it shows how one can use the uniform distribution to approximate any unknown probability distribution.   The new mathematics invented for this article is quite analogous to the discovery of integral calculus, where area under a curve is approximated by rectangles. In USAPRO a distribution function is analogously approximated by uniform distributions.  The USAPRO theory offers a great potential for military application to projecting fleet wearout condition.

Basic assumptions are essentially identical to those found in the AMSAA methodology.  For convenience a discussion of basic assumptions and mathematical techniques are included.  The main goal of this research was to arrive at a rational method for projecting procurements and estimating fleet age based on a defensible mathematical model.  One could use the model skillfully to determine the ideal numbers of systems to procure by year in order to maintain an average age/usage fleet mix ensuring against abrubt wearout of too many systems at one time.  One could also use the model to estimate the numbers of active systems remaining given an expected annual wearout.  The original AMSAA version of this model was employed extensively in the late seventies to justify the procurement of new tactical vehicles based on projected usage/age patterns.  AMC MRSA supplied data and TACOM employed the AMSAA model for this effort, which was used to assist in substantiating the future wearout of several categories of tactical vehicles.

1.0  MATHEMATICAL MODEL FOR PROJECTING USAGE/AGE:  Let us suppose that at some point in time the age and usage of a random sample of a fleet is known.  On the basis of known data we wish to predict the usage and age of a fielded fleet in successive years.  To visualize the problem we imagine that an AxM plane is divided into age/usage cells.  The abscissa represents age and the ordinate usage.  Generalizing the approach first attempted at AMSAA, we employ the family of curves described next.

1.1   M+M/A=BN   N=1,2,3....

B is an arbitrarily selected positive number.  It may be replaced by any usage interval deemed appropriate to the application.  We are concerned with the relative proportions of area sectors determined by the family of curves of 1.1 and the cells determined by the family of lines parallel to the A and M axis in the first quadrant only.  It should be understood that the relative area of sectors, i.e. sector area divided by B, for a given cell, represents proportions of units in that cell which will move over to a particular cell in the next year.  Furthermore, the lowest sectors in each cell represents the relative proportion of units which move to the cell to the immediate right and the next highest sector represents the proportion of units which move to the cell immediately above the cell to its immediate right and so forth.  The scheme is cumbersome to explain in words but quite easy to visualize once understood.  Of course, the foregoing discussion is valid only under the assumption that the probability distribution for fleet usage is uniform over the cells.  

In order to project the usage/age distribution after one year has passed one must add the contributions from each cell impacting a given cell.  Thus it is necessary to calculate the areas of each sector determined by the family of curves of 1.1 and the family of lines parallel to the axes.  At first glance the problem of calculating this seemingly wild array of area sectors appears to be quite impractical, if not impossible.  However, it was found that all of the sectors could be computed using two basic functions denoted as P(N,K) and U(J) explained, next.  The proof of this fact requires considering all possible sector-types that can occur within a cell and then showing how each might be obtained by using P(N,K) and U(J).  The proof is not complicated but is messy.

2.0  DERIVATION OF THE BASIC FUNCTIONS:  P(N,K) symbolizes the relative area of the enclosed region between the curves described by M+M/A=BN, M+M/A=B(N+1), and M=BK.  In general, P(N,K) may be evaluated by computing the following integral expression.
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U(J) symbolizes the relative area of the region bounded by the curves M+M/A=BN, M+M/A=B(N+1), and A=J+1. It is of interest to note that the function U(J) is independent of N.  Hence, there is an infinite number of regions with relative area U(J).  In general, U(J) may be evaluated by computing the following integral,  
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Upon evaluating the integrals of 2.1 and 2.2 one obtains the concise forms shown next.
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2.4       U(J)=J+1-LOG(J+2)   j=0,1,2,3....

Employing 2.3 and 2.4 one can compute all relative area sectors.  Also to compute the infinite number of relative area sectors in each cell of the first column, the following two additional functions are useful.

2.5   Z(N,K)=U(0)-P(N,K-1) for K greater than 2, N=2K-2 or 2K-1.

2.6   Z(N,K)=P(N,K+1)-P(N,K) for K greater than 2, N greater than        2K.

Finally, for all cells where J is less than or equal to K the function W(J,K) gives the value of the lower of the two sectors of cell (J,K).  Of course the value for the upper sector of each cell is just one minus the value of the lower sector.

2.7   W(J,K)=1+K(LOG[(J+1)/(J+2)], for J less than or equal to K.

Graph 1 describes a typical computation of an area sector using the basic equations described.  If we represent the relative area of sector I by Q(I) for I=1,2,3..., one might observe that there are many ways to compute Q(I) using the basic functions and Q(L) for L less than I.  Generally speaking, an attempt was made to evaluate each Q(I) in the simplest manner possible.  The actual computations, being horrendous, were carried out by computer.  Some spot consistency checks were done by hand.

Having computed all required relative areas, it remains only to determine how many units will occupy each cell after one year passes.  In the computer program a 30x11 matrix B(R,S) represents the quantity of equipment occupying cell (R,S) after one time unit.  On the other hand, a matrix A(R,S) represents the age/usage configuration of the active equipment.  The first column of matrix A gives new procurements.  New procurements are assigned to the cells of column one in matrix A in proportions determined by the first year usage patterns.  

The computer program is designed to calculate area sectors for 300 cells.  To accomplish these calculations, 197 separate identities had to be derived.  Fortunately, it was possible by judiciously using formulas 2.6 and 2.7 to let the computer calculate the majority of the area sectors.  As it stands, the computer program allows one to project fleet usage over a 30 year by 11 usage unit period.  Depending on the choice of the parameter B, one could allow almost any value for maximum usage at a given time.  For example, if B is set equal to 5,000, then one could project up to 50,000 miles of usage in a year for a given piece of equipment in a fleet.  Similarly, if B is 10,000, then 100,000 miles would be allowable.  On the other hand, validity and accuracy increases as one decreases B, because the uniform probability distribution is more realistic as B grows smaller.  Therefore, a tradeoff between allowable maximum usage and validity must be made in any application of the model.  One can always improve the computer model by allowing more usage cells.  That is, to increase the validity of the currently implemented computer program subject to available data, one can increase the number of columns in the input matrices from its present value of 11.  Of course, this would necessitate deriving many more identities than the 197 which were used in setting the projection equations in the current computer model.  Exerpts from the FORTRAN computer program given below describe the action of the program and show how the 197 equations are calculated.  Also included is part of a typical output.   

Another approach to the problem of increasing validity of the basic model might be to use a different probability distribution such as the bivariate normal rather than the uniform.  Naturally, equations 2.1 and 2.2 would become more complicated and possibly even completely intractable.  Since the mechanism of increasing validity by simply allowing a larger matrix is simpler and causes no further complications, very little enthusiasm exists for pursuing the applicability of other distributions to this problem.  Here, the applicability of the uniform distribution is analogous to the use of a sum of rectangles under a curve to approximate area under the curve.  Little motivation exists for modifying the theory of integration by using rectangular lke regions with parabolic tops, even if quicker convergence to area could be obtained by doing so.
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