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     For a vector lattice L it has been shown in [3] that 

C={MCL:  M┴┴=M} forms a boolean algebra known as the cluster lattice of L.  In this sequel special attention is given to investigating the conditions under which a cluster M may satisfy M={x}┴┴ for some xεL when L is assumed to be a function lattice defined on a topological space K satisfying a complete regularity or normality condition.  When M satisfies M={x}┴┴ for some xεL, M is said to be a principal cluster.

     A vector lattice L consisting of possibly extended real valued functions on a space K is called a function lattice if for all f,gεL, xεK, and real numbers α,ß we define binary operations join and addition of two functions which satisfy the basic identities

      (1) (αf+ßg)(x)=αf(x)+ßg(x) 

      (2) (fVg)(x)=Max{f(x),g(x)}

     Under the assumption that K is a hausdorff space we can generalize the notion of complete regularity by defining K to be completely regular to L if for any closed set HCK and xεH there exists a continuous function fεL such that f is zero on H and f(x)=1.  In like manner one can define a hausdorff space K to be normal to L if for each pair of disjoint closed sets H,J there exists a continuous function fεL such that 0(f(x)(1 for every xεK, f(x)=0 on H, and f)x)=1 on J. 

     We employ the notation NH={fεL: f vanishes on HCK}.  The next result gives insight into the question of when NH is a cluster.

THEOREM 1.  If H is a closed subset of a hausdorff space K completely 

regular to a function lattice L, then NH┴=NH'.

     Proof.  NH'CNH┴ is obvious from basic definitions.   If pεNH┴ then p┴q for all qεNH.  For each yεH' there exists a continuous function gyεNH such that gy(y)=1 by the complete regularity assumption.  Suppose p(x) is not zero for some xεH' and pεNH.  Then │p│^│gx│(x)=Min{│p│(x),│gx│(x)}>0 contradicting gx is in NH.   This proves the identity.    

COROLLARY 1.  If K is a universal space completely regular to L, then NH┴┴=NH for every closed H.
     Proof.  By Theorem 1 and the assumption that H is both open and closed we have NH┴┴ =NH'┴=NH''=NH.

COROLLARY 2.  If K is a a hausdorff space completely regular to a function lattice L of continuous functions then NH┴┴=NHo-.

     Proof.  Continuity and the Theorem 1 implies NH'-=NH'=NH┴.  Next

we observe that NH'-'-=NH''o- completes the proof.

     A subset H of a space K is said to be regularly closed when 

Ho-=H.  Corollary 2 suggests the importance of regularly closed subsets.  Corollary 2 says that NH is a cluster when H is a regularly closed subset of a hausdorff space K satisfying complete regularity to L.

     The next theorem is a generalization of a well known theorem.  This result may be proven using the boolean algebra of all regularly open sets.  In this analysis it is convenient to state and prove the result in terms of regularly closed sets because of the preceding corollary.  Exchanging regular closed sets for regular open sets has the effect of inverting the inclusion order.  Background information on the cluster algebra of a vector lattice can be found in reference [2].  Reference [4] shows how the cluster algebra of L can be applied to building a spectral theory for an archimedean vector lattice.

THEOREM 2.  For a hausdorff space K completely regular to a function lattice L the mapping associating a regularly closed subset H of K with the cluster NH is a boolean algebra isomorphism from the set of all regularly closed subsets of K onto the cluster lattice of L.
     Proof.  HCJ implies NJCNH for any two sets H and J in general.  Suppose NJCNH and there exists aεH-J.  By complete regularity there exists a continuous function gεL such that g(a)=1 and g(x)=0 for every xεJ assuming J is closed.  From the preceding statements and definition of NJ it follows that gεNJ but g is not in NH contradicting that NJCNH.  This proves the mapping is order preserving.  It is noted that it was only necessary to assume H closed to prove the mapping is order preserving.

     In general sets of the form Xo- are regularly closed in a regular space.  The inclusion (Xo-)o-CXo- is self-evident.  Now to prove the reverse inclusion suppose Xo-oCM for some closed set M.  If xεXo then by regularity there exists an open set U such that xεUCU-CXo.  xεUCXo- implies xεUCXo-oCM.  This shows that XoCM.  Moreover, it was shown that for any closed set M, XoCM if and only if Xo-oCM.  By definition of a closed set it follows that Xo-=Xo-o-.

     Let A be any cluster of L.  Set Uf={xεK: │f(x)│>0} and 

H=(fεA┴Uf)-.  H is regularly closed because it is of the form Xo-.

It remains only to show that NH=A.  If gεNH then by definition g(x)=0 for every xεH.  For any fεA┴ it follows that g┴f proving gεA┴┴=A.  Now if gεA then for every fεA┴ we have g┴f.  By continuity g must be zero on H and consequently be in NH.
     The next theorem is an extension of another known result.  First we define what it means for a vector lattice to be sequentially continuous.  A vector lattice L is said to be sequentially continuous if for an upper 

                                               (
bounded sequence xiεL (i=1,2,...) there exists  V xiεL.

                                               i=1   

THEOREM 3.  For a hausdorff space K normal to a sequentially continuous function lattice L and a closed set HCK the following set of conditions are equivalent:  (1) H is Gδ.  (2) There exists a continuous function gεL such that H=g-1(0).  (3) There exists a smallest Gδ set containing H.

                                                    (   

     Proof.  Suppose H can be expressed in the form ( Un where Un
                                                    n=1

is open for n=1,2...  Without loss of generality it may be assumed the sequence Un is descending.  By the normality condition there exists a sequence of continuous functions gnεL such that gn(x)=0 for every xεH, gn(x)=1 for every xεUn', and 0<gn(x)<1 for every xεK. 

                              (
The function defined by g(x)= Σ(½)ngn(x) can easily be shown to be

                              n=1  

a continuous function satisfying H=g-1(0).  Moreover, since L is 

sequentially continuous and the sequence of partial sums 

   m
 Σ(½)ngnεL (m=1,2,...) is bounded and increasing in L we have gεL.

 n=1                     ( 

Conversely, because H= ( {xεK: │g(x)│<1/n} the opposite implication                               n=1   

is obvious.  This proves (1) is equivalent to (2).  Next we shall prove that (3) implies (1).  The opposite implication is trivial.

     Suppose S is the smallest Gδ set properly containing H.  By complete regularity there exists a continuous function gεL satisfying g is 0 on H and g(a)=1 for some aεS-H.  Since S is assumed Gδ and K is normal relative to L, there exists a continuous function rεL satisfying  

r-1(0)=S.   Then the Gδ set, (r+g)-1(0) contains H and is properly contained in S contradicting that S is the smallest such set.

     Next are theorems pertaining to when a cluster is principal.  

THEOREM 4.  If H is a regularly closed Gδ subset of a hausdorff space K completely regular to a sequentially continuous function lattice L, then there exists a continuous function gεL satisfying NH={g}┴┴.

     Proof.  There exists a continuous function gεL such that 

H=g-1(0) by theorem 3.  Suppose hεNH.  kε{g}┴ if and only if 

│k(x)│=0 for every xεH'.  │h│^│k│=0 for every kε{g}┴ implies

hε{g}┴┴.  Suppose hε{g}┴┴ and aεHo where h(a) is non zero.  By 

complete regularity there exists a continuous function kεL such that k is zero on H'- and k(a)=1.  k┴g implies kε{g}┴ and h┴{g}┴ implies h┴k.  So we arrive at the contradiction that 0=│h│^│k│(a)=Min{│h(a)│,│k(a)│}>0.  It follows that h(x)=0 for all xεHo.  By continuity h is zero on Ho-=H.  

     In case K is a normal space and L is C(K), the set of all continuous functions on K, then it is not necessary to assume C(K) is sequentially continuous in order to prove the theorem.  Generally, C(K) need not be sequentially continuous.  However, the proof of the theorem for this special case is almost the same.

     The next theorem is a partial converse to Theorem 4.  A complete converse is not possible since a counter example has been found to show that a closed set under the hypothesis of Theorem 5 need not be Gδ even if it is supposed that K is both compact and hausdorff.  Of course, were there no such counter example, then the regular kernel defined here would be just another name for a Gδ subset of K.  The foregoing remarks are stated as Theorem 6.

THEOREM 5.  If a hausdorff space K is completely regular to a function lattice L and there exists gεL such that NH={g}┴┴ for a closed set H, then H is regularly closed and H=g-1(0)o-.

     Proof.  By Theorem 1 we have NH┴┴=NHo-.  Since in general for any manifold M of a vector lattice it is true that M┴┴┴┴=M┴┴, it follows from the hypothesis that NH┴┴={g}┴┴.  We conclude that NH=NHo-.  By Theorem 2 we have H=Ho-.

     As in Theorem 2 we set H=(fε{g}┴Uf)- where Uf={xεK: │f(x)│>0}.  Because HCg-1(0) it follows that H=Ho-Cg-1(0)o-.  Now let us suppose tεg-1(0)o .  There exists an open set U satisfying tεUCg-1(0)o.  By complete regularity there exists a continuous function hεL such that h(t)=1 and h(x)=0 for every xε(g-1(0))o'.  h┴g implies hε{g}┴.  So by the definition of H and h we must have tεH proving that g-1(0)oCH.  Since H is closed by assumption we have g-1(0)o-CH.

     For a continuous function gεL, g-1(0) will be called the regular kernel of g.  Setting H=g-1(0)o- we have as an immediate consequence of Theorem 5 the next corollary.

COROLLARY.  If K is completely regular to L then NH={g}┴┴.
     Proof.  {g}┴┴ is a cluster implies that there exists a regularly closed set H satisying NH={g}┴┴ by Theorem 2.  By Theorem 5 we conclude that H=g-1(0)o-.

THEOREM 6.  There exists a compact hausdorff space K and gεC(K) such that K contains a regularly closed subset H satisfying NH={g}┴┴ where H is properly contained in g-1(0), H=g-1(0)o-, and H is not Gδ.

     A simple natural occurring example of a regularly closed subset H satisfying the conditions of Theorem 6 was not found.  One could liken the situation to the quest to find a non-lebesque measurable function.  The example painstakingly created by the author is highly contrived requiring the construction of a topology on a set K whose building blocks consists of a subbasis of mixtures of ordinal intervals and real number intervals along with all finite subsets of two disjoint intervals.  In addition, an uncountable collection of mutually disjoint subsets dense relative to the usual topology in [0,1] defined by Aα=([0,1)+α)mod 1 for each αε[0,1) was needed to accomplish the task of generating subbasic sets for the required topology on K.  Unions of the Aα with open and closed real intervals indexed over closed intervals were subbasic to the topology on K.  The Stone-Cech compactification was also employed in achieving the goal of creating the regularly closed set exhibiting the desired properties of Theorem 6.  Of course, it would be desirable to find a natural occurring example, if one actually exists.

     Under certain restrictions on K it happens that all clusters of L turn out to be principal.  The next two theorems exemplify this situation.  Some preliminary definitions of terms will be discussed briefly first.

     In [1] it is shown that Ca(K), the set of all almost finite continuous functions on a universal topological space K, forms a function lattice.  A universal space is one in which the closure of every open set is open.  A filter F is a subset of a boolean lattice satisfying the three properties: (1) M,NεF implies M(NεF  (2) φ is not in F  (3) MCN, MεF implies NεF.  A maximal filter is a filter which is not properly contained in a larger filter.  The proper space Ω consists of all maximal filters obtained from the cluster lattice of a vector lattice.  It can be shown that the set of all maximal filters forms a compact universal topological space.  Furthermore, it can be shown that any archimedean vector lattice has as its unique up to isomorphism universal extension Ca(Ω), the set of all almost finite continuous functions on Ω.  The next result shows that all clusters of Ca(Ω) are principal.  

THEOREM 7.  If a universal hausdorff space K is normal to a sequentially continuous function lattice L, then all clusters of L are principal.

     Proof.  By Theorem 2 for any cluster M of L there exists a regularly closed set H such that M=NH.  Since K is universal and H is regularly closed it follows that H is also open and consequently Gδ.  By Theorem 4 there exists a continuous function gεL such that NH={g}┴┴.  

     The next theorem follows from a result due to S. Mazurkiewicz, which says that in a complete metric space a subset is complete if and only if it is Gδ.  A proof of this result may be found in [3].

THEOREM 8.  If K is a locally compact metric space normal to a sequentially continuous function lattice L, then every cluster of L is principal.
     Proof.  By Theorem 2 for any cluster M of L there exists a regularly closed set H such that NH=M.  Since H is a locally compact metric space, it is complete.  By Mazurkiewicz's Theorem H is Gδ in K.  By Theorem 4 there exists a gεL satisfying NH={g}┴┴.
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